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Data analysis of gravitational-wave signals from spinning neutron stars.
IV. An all-sky search
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We develop a set of data analysis tools for a realistic all-sky search for continuous gravitational-wave signals
and we test our tools against simulated data. The aim of the paper is to prepare for an analysis of the real data
from the EXPLORER bar detector; however, the methods that we present apply both to data from the resonant
bar detectors that are currently in operation and the laser interferometric detectors that are in the final stages of
construction and commissioning. With our techniques we shall be able to perform an all-sky coherent search of
2 days of data from the EXPLORER detector for a frequency bandwidth of 0.76 Hz in one month with 250
Mflops computing power. This search will detect all the continuous gravitational-wave signals with the dimen-
sionless amplitude larger than X80 22 with 99% confidence, assuming that the noise in the detector is

Gaussian.
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[. INTRODUCTION AND SUMMARY We find that with 250 Mflops of computing power we can

carry out a complete all-sky search in around a month for
It was shown that an all-sky full frequency bandwidth signals within a bandwidth of 0.76 Hz at a frequency of 922
coherent search of data of many months duration for continuHz and for observation time of 2 days. We assume that the
ous gravitational-wave signals is computationally too pro-minimum characteristic time for the change of the signal’s
hibitive to be realized with presently available computingfrequency is 1000 years. By our search we shall be able to
power [1,2]. Consequently two alternative approachesdetect all the continuous gravitational-wave signals with the
emerge. One that we shall caélhckinginvolves the tracking parameters given above and with the dimensionless ampli-
of lines in the time-frequency plane built from the Fourier tude larger than 2:810 2 with 99% confidence.
transforms of one day long stretches of d&gaf]. The other The tools developed in this work can be applied not only
that we shall call stacking involves dividing the data into dayto the analysis of the bar data but also to the interferometer
long stretches, searching each stretch for signals, and edata. In the case of the wide-band interferometer one can
hancing the detectability by incoherently summing the Fou-divide the data into many narrow bands and analyze each
rier transforms of data stretchEs). In this paper we develop band using the algorithms presented in this paper.
data analysis tools for the first stage of the stacking ap- The plan of the paper is as follows. In Sec. Il we present
proach, namely for the coherent search of a few days longesponses of a laser interferometer and a resonant bar to a
stretches of data. These tools involve storage of the data iontinuous gravitational wave, including the effects of both
the Fourier domain database, calculation of the precise posamplitude and frequency modulation of the response. The
tion of the detector with respect to the solar system baryoptimal data processing method is described in Sec. Ill. In
center using JPL ephemeris, calculation of the detectiosec. IV we introduce the frequency domain database and in
thresholds, approximation of the signal by a simple linearSec. V we discuss how to calculate the precise position of the
model, and construction of the grid of templates in the pa-detector with respect to the solar system barycenter. In Sec.
rameter space ensuring that the loss of signals due to thél we introduce an approximate model of the detector’s re-
finite spacing of the grid is minimized. sponse called the linear model and we describe its perfor-
In this theoretical work we have in mind a particular setmance. In Sec. VIl we construct a grid of templates in the

of data, namely the data collected by the EXPLORER baparameter space, we calculate the computational require-
detector. This detector is most sensitive over certain two naments to do the search, and we perform Monte Carlo simu-
row bandwidths of about 1 Hz wide at a frequency around llations to test the performance of our grid and our search
kHz. To make the search computationally feasible we proalgorithm. In Sec. VIII we discuss and choose parameters for
pose an all-sky search of a few days long stretches of data iaur planned all-sky search of the EXPLORER detector data.
the narrow band where the detector has the best sensitivitgeveral details are presented in the Appendixes.
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Many methods presented in this paper rely on generatational wave form is almost monochromatic around some
analytic tools developed in a previous paper of this s¢fés angular frequency, which we define as the instantaneous

that we shall call Paper III. angular frequency evaluated at the SSBE=a0, andw, (k
=1,2,...) is thekth time derivative of the instantaneous an-
Il. DETECTOR'’S NOISE-FREE RESPONSE gular frequency at the SSB evaluated &t0. To obtain for-

) ) ) ) mulas(2.4), we model the frequency of the signal in the rest
Dimensionless noise-free response functibnof the  fame of the neutron star by a Taylor series. For the detailed
gravitational-wave detector to a weak plane gravitationayerivation of the phase modé2.4) see Sec. I B and Appen-
wave in the long wavelength approximatifire., when the iy A of Ref. [2]. The integerss, ands, are the number of
size of the detector is much smaller than the reduced Wav&spin downs to be included in the two components of the

length\/(27) of the wavé can be written as a linear combi- phase. We need to include enough spin downs so that we

nation of the wave polarization functioifis. andh.: have a sufficiently accurate model of the signal to extract it
_ from the noise. This will depend on the length of the obser-
h(t)=F (Oh () +F.(Hh (1), 22 vion time.

where F, and F, are called the beam-pattern functions. It is convenient to decompose the resporsef the
Explicit formulas for the interferometric and the bar beam-gravitational-wave detectdboth resonant bar and laser in-
pattern functions can be found in Appendix A, where weterferometer described by Egs(2.1), (2.2, and (2.4) [cf.
have also included the derivation of the beam-pattern funcalso Eqs(Al) and(A10) in Appendix Al into a linear com-

tions for the bar detector. bination of several components:
We are interested in a continuous gravitational wave de- 4
scribed by the wave polarization functions of the form
Y P h(t)= 3, Ahi(), 2.5
h,(t)=hg, cos¥(t), (2.29

) where the four constant amplitud@s are given by
hy(t)=hgy sinW(t), (2.2b

Ai=sin{(hg, cos 2y cosdy—hgy Sin2¢sindy), (2.6
wherehy, andhg, are the amplitudes of the two indepen- ! £(No- i 0 Tox v o (263
dent wave polarizationsy is the phase of.the wave. The A,=sin¢(hgy cos 2 sin® g+ hg, sin 2y cosdy),
amplitudeshy, andhg, depend on the physical mechanisms (2.6b)
generating the gravitational wave. In the case of a wave

originating from a spinning neutron star which possesses A,=sin¢(—hg, cos 2 sin®y—hgy sin 2 cosdy),

some static deviation from axisymmettgupported by the (2.60
solid crust or by the star's own magnetic figltiese ampli-
tudes can be estimated by A,=sin{(hg, cos 2y cos®y—hgy Sin 2 sindy).
(2.60
B o € I 1kpe [ f |2
ho=4.23<10 10 5/\ 105 gcn? r 1 kHz/ The amplitudesA; depend, throughhg. and hgy, on the

(2.3  physical mechanism generating the gravitational wave. They
also depend on the initial phadsg, of the wave form and the
wherel is the neutron star moment of inertia with respect topolarization angley of the wave. The anglé is the angle
the rotation axise is the gravitational ellipticity of the star,  between the interferometer arnissually /=90°), and for
is the distance to the star, ahthe frequency of the gravita- the case of bars always=90°.
tional wave. The value of 10 of the parametek in the The functionsh; do not depend on the mechanism gener-

above estimate should be treated as an upper bound. In reating the gravitational wave and they have the form
ity it may be several orders of magnitude less. A different

mechanism, such as the Chadrasekhar-Friedman-Schutz in- h,(t)=a(t)cosd(t), (2.7
stability, would give a different dependence of the amplitude
on the frequency of the wave. h,(t)=b(t)cosd(t), (2.7b
The phasel of the wave is given by
hs(t)=a(t)sin®(t), (2.79
V()= Do+ D(1), (2.43 °
5 i1 5) ) h,(t)=b(t)sin®(t), (2.79
-3 t No-Isset) D
PO=2 oq it T ¢ & % (24D where the amplitude modulation functioasand b can be

found in Appendix A[see Egs(A2) for an interferometer

and Eqgs.(A11) for a baf, and® is the phase given by Eq.
whered, is the initial phase of the wave formgggis the  (2.4b. The functionsa andb depend on the right ascension
vector joining the solar system barycent&SB with the  « and the declinatior$ of the sourcethey also depend on
detector, andh, is the constant unit vector in the direction the detector’'s geodetic latitudg and the angley describing
from the SSB to the neutron star. We assume that the gravthe orientation of the detector with respect to local geo-
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graphical directions The phaseb depends on the angular R (xhy,)
frequencywg, s spin-down parameters, (k=1,...s), and A2*2<—bzy, (3.1b
on the anglesy, &, it also depends on the latitudg of the
detector. We call parametets,, vy, «, 6 the phase param- . (xhg)
eters. The whole signdi depends thus os+5 unknown Az~2———, (3.109
parametershy, , hox , @, 6, wg, andwy. (a%)

The amplitude modulation, determined by the functians (xhy)
andb, splits the power spectrum of the signal into five lines AAQZ_Z“, (3.10
corresponding to angular frequencieg—2Q,, wy—,, (b%)

wg, wgtQ,, andwy+2Q,, where(), is the rotational an-
gular velocity of the Earth. Moreover, the maximum of the
signal's power can be in any of these components dependi
on the position of the source in the sky. Therefore we need to 1 (T,

take the amplitude modulation into account in the design of a (x) :=T—f x(t)dt. 3.2
matched filter since a filter of constant amplitude and 0

matched only to the phase would mean a drastic decrease
the signal-to-noise ratio.

where we have introduced the following notatidhere
,To] is the observation interval

f
gxplicit formulas for the time averagg®?) and(b?) are
given in Appendix B.
The reduced logarithmic likelihood functio can be

written ag
I1l. OPTIMAL DATA ANALYSIS METHOD
2 2
The signal given by Eq2.5) will be buried in the noise % 2 [Fal® [yl
- F >+ o |, (3.3
of a detector. Thus we are faced with the problem of detect- Sn(fo)Tol (@%) ~ (b%)

ing the signal and estimating its parameters. A standard

method is the method of maximum likelihodML) detec- Where

tion that consists of maximizing the likelihood function, -

which we shall denote by, with respect to the parameters Fa::f Ox(t)a(t)exp[—itb(t)]dt, (3.43

of the signal. If the maximum oA exceeds a certain thresh- 0

old calculated from the false alarm probability that we can

afford, we say that the signal is detected. The values of the

parameters that maximiz& are said to be the maximum

likelihood estimators of the parameters of the signal. The

magnitude of the maximum ok determines the probability Thus the ML detection in Gaussian noise leads to a matched

of detection of the signal. filter. The ML estimators of the signal’'s parameters are ob-
In the current paper we consider the gravitational-waveained in two steps. Firstly, the estimators of the frequency,

signal consisting of one narrow-band component. The MLthe spin-down parameters, and the angieand § are ob-

detection of a more general signal consistingh\bharrow-  tained by maximizing the functionaf with respect to these

band components was studied in detail in Sec. Il of Papeparameters. Secondly, the estimators of the amplitA¢ese

[ll. We only need here to recall the main results derived incalculated from the analytic formuld8.1) with the correla-

Paper Il and specialize them to the case of a one-componetibns (xh;) evaluated for the values of the parameters ob-

signal. A related approach to signal detection has also beemined in the first step. Thus filtering for the narrow-band

developed by Owef7], Mohanty and Dhurandhd8], and  gravitational-wave signal requires two linear complex filters.

Mohanty[9]. When the signal is absent and phase parameters are
We assume that the noise in the detector is an additivknown 2F has ay? distribution with four degrees of freedom

stationary, Gaussian, and zero-mean continuous random prand when the signal is present it has a noncenfadlistri-

cess. We also assume that over the frequency bandwith of thrution with four degrees of freedom and noncentrality pa-

signal the(one-sidegl noise spectral densit$,(f ) is nearly  rameter equal to the optimal signal-to-noise ratioWhen

constant and equal t8,(fy), wheref, is the frequency of phase parameters are unknown we can approxifiaiy a

the signal measured at the SSBtat0. Moreover, to sim- homogeneousy? random field and divide the parameter

plify analytic formulas, we are restricted to the observationspace into elementary cells defined by the correlation func-

time T, being an integer multiple of one sidereal day, i.e.,tion of F (consult Sec. IlIB of Paper Ill for detajlsThe

To=n(2m/Q,) for some positive integen. Then the ana- false alarm probability, i.e., the probabilify; that F ex-

lytic formulas for the ML estimators of the amplitudés, ceeds the threshol#;, in one or morecells is given by

cf. Eq. (2.5), are given by(for derivation, cf. Sec. lll A of

Fpi= foTox(t)b(t)exp:—i(I)(t)]dt. (3.4b

Paper 1) PE(Fo)=1—[1—Pe(Fo)]™, (3.5
A, ~2 (xhy) (3.1 1F is the logarithmic likelihood functiomd with amplitudesA,
! (az> ' ' replaced by their ML estimator; .
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whereN. is the total number of elementary cells and noise ratio. We can identify the maximudy . of dg,, as
the signal-to-noise ratio of the suboptimal filter. It was
Pe(Fo)=(1+ Fo)exp — Fo). (3.6 shown in Paper IIl that
The expected number of false alaridg is given by dg max= FFd, (3.19
Ne=N:Pr(Fy). (3.7 where FF is the fitting factor introduced by Apostolaf8].

The fitting factor FF between a signh(t;#) and a filter
The probability of detectiorP, i.e., the probability that=  h'(t;¢') (@ and @ are the parameters of the signal and the
exceeds the threshold, when the signal-to-noise ratio is filter, respectivelyis defined a&
equal tod is given by

(h(t;0)|h'(t;0'))
® FF:=max .
PD(d,fo)=L p1(d, FdF, (3.9 o V(h(t;0)|h(t;0)J(h'(t,0)]h'(t;0))
0

(3.19

The fitting factor is a good measure of the quality of the
suboptimal filter; however, the performance of the filter can
only be fully determined by the false alarm and detection

py(d,F)= \/2_}—| l(d\/ﬁ)exy{ —F %dz)_ (3.9 probabilities given by Eqg3.11) and(3.13.

where

. - . . . IV. THE FREQUENCY DOMAIN DATABASE
Herel, is the modified Bessel function of the first kind and

order 1. The data collected by the detector constitute a time series
It will very often be the case that the filter we use to with a sampling intervalAt. This time domain sequence can
extract the signal from the noise is not optimal. This may bealso be stored in the frequency domain without any loss of
the case when we do not know the exact form of the signainformation. Organization of the data in the frequency do-
(this is almost always the case in pracjice we choose a main in a suitable way provides a very flexible database that
suboptimal filter to reduce the computational cost and simis very useful both for search of the data for gravitational-
plify the analysis. For such a case in Sec. VI of Paper Il wewave signals and for characterization of the noise of the de-
have developed a theory of suboptimal filtering. The suboptector. The first step in constructing a frequency domain da-
timal statisticsF,,, has the same form as the optimal statis-tabase consists simply of taking a fast Fourier transform
tics 7 and the data analysis procedure consists of maximiz(FFT) of 2N data points and storing the first points of the
ing the value of the suboptimal statistics. One can show thatFT. To improve the quality of the time-domain data that
will eventually be extracted from the database the original
E{ Foug=1+3d2,, (3.10  data are windowed and overlapped. Each FFT is then nor-
malized and calibrated where the calibration process takes
where E is the expectation value when the signal is preseninto account the transfer function of the detector so that the
and the parametet,is the suboptimal signal-to-noise ratio. units of the FFT are straigHz. Moreover, the quality of the
The formulas for the false alarm and detection probabili-data represented by the FFT is characterized so that it is
ties have the same form as in the case of the optimal filtepossible to choose thresholds for vetoing the data or criteria
except that the optimal signal-to-noise ratio is replaced byo weight them. Both the calibration and the data character-
the suboptimal one. Also for the suboptimal filter the numbetization information are stored in the header that is attached to
of cells N, may be different than for the optimal one. Thus each FFT.

the false alarm probability is given by It is very important to choose a suitable numbof data
in each FFT. This depends on the type of signal search that
PI(Fo)=1—[1—Pg(Fo) Nse. (3.1)  one wants to perform. In the case of the search for continu-
ous sources, which is a subject of this work, we chddse
The expected number of false alariNg: reads such a way the maximum expected Doppler shift due to the
motion of the detector with respect to SSB is less than the
NsF=NscPr(Fo). (3.12  width of one bin. In the case of the EXPLORER data this
leads to N=2. For sampling timeAt=0.18176s this
The detection probability takes the form means the length of data for each FFT of around two-thirds
of an hour. Another important criterion for the choice of the
_ - length of data interval for each FFT is that within the interval
Poldeu, 7o) = Lcopl(dS“b’f)d]:’ (313 the noise is stationary. In the case of the EXPLORER detec-

where the probability density functiop; is given by Eq.

(3.9). Equation(3.10 implies that maximizing the expecta- ?For the narrow-band signals considered in our paper the scalar
tion value of the suboptimal statistics when the signal isproduct hlh’) can be  approximated as hip’)
present is equivalent to maximizing suboptimal signal—to—~[2/Sh(f0)]fg°h(t)h’(t)dt.

042003-4



DATAANALYSIS OF ... . IV. ... PHYSICAL REVIEW D 65 042003

tor stationarity is in general preserved over two-thirds of an The polar motion is taken into account by modifying the

hour intervals. conventional geographical coordinates of a point on Earth:
The detailed steps to create the frequency domain data- .
base and to extract narrow-band time series from the base are  $= ®o+ PxC0OSAo— Py sinho, (5.13

given in Ref.[11]. ,
A=N\g+ (Pysinkg+ Py coskg)tandgy, (5.1b
V. POSITION AND VELOCITY OF THE DETECTOR WITH

RESPECT TO THE SOLAR SYSTEM BARYCENTER where ¢, is the conventional geographical latitude, is the

conventional longitude, anél, andP, are the coordinates of
A. Dealing with time scales the pole with respect to the conventional international origin.
_ The rotational angle of Earth is included through conver-
sion of UTC to UT1(the quantity UTEUTC is tabulated in
épe IERS fileg. UT1 serves to calculate the apparent sidereal
fime 0, which is essentially equal té,+,t of Egs.(A2)
and (A1l) plus the nutation in longitude projected on the
rg:elestial equator. The sidereal time in turn is used to find
ctangular coordinates of the poifthe detector in the
RS celestial reference frame:

The data acquisition system of the detector is synchro
nized to the coordinated universal tinfgTC) as dissemi-
nated by international time services. Thus it is assumed th
each datum corresponds to a given UTC. The UTC scale i
essentially uniform, except for occasidria s steps intro-
duced internationally to compensate for the variable Eart
rotation. When these steps are taken into account, the UTC [E
reduced to the international atomic tirAl) scale, which is

uniform and differs from the terrestrial dynamical time _

i . Xg=Tr Cc0Ss¥, (5.2
(TDT) (or TT, normally used to describe celestial phenomena
py astronomerpsonly b_y_ a constant term. I_n principle, the ye=r siné, (5.2b
time argument of positions of celestial objects is the bary-
centric dynamical timgTDB); however, it differs from the ze=bsiny+hsing, (5.20

TDT only by a very small additive terrfless than 0.001 s in
magnitude, thus for all practical purposes they do not havewhere
to be distinguished. So we have

TDB~TDT=TAI+32.184 s, r=acosy+hcosg .3

where TAI is obtained from UTC by removing the time is the equatorial component of the radius vectr,

steps® One can thus relate given UTC with barycentric po- ~ &rctanbtang/a) is the reduced latituden is the height
sitions of all the major celestial bodies of the solar system.200ve Earth's ellipsoid, and=6378.140km andt):'a(l.
However, to relate the position of a point on Earth to the ~ 1/f) (Wheref=298.257 are the semiaxes of Earth’s ellip-
barycenter of Eartlithe latter being obtained from the solar S0id- These coordinates are affected by the polar motion
system ephemeii®ne has to use yet another time scale—therough dependence ofand ¢ on ¢, and ¢ on A. o
rotational time scale UT1, which is nonuniform and is deter- 1he polar motion(P, andPy) and UT1-UTC quantities
mined from astronomical observations. The difference®r® linearly interpolated between the daily IERS values.

UT1—UTC. which is maintained within=0.90 s. is taken Since these coordinates are naturally referred to the epoch
from the International Earth Rotation Servi¢ERS) tabula- of date, they are further precessed back to the standard epoch
tions of daily valueé. J2000. The precessed Cartesian coordinatesye ,Ze) 2000

may now be straightforwardly added to coordinates of
Earth’s barycenter with respect to the solar system barycenter

_ (which are described in the next paragrapb obtain the
To be able to relate a point on Earth's surface to the solagesired position vector of the detector.

system barycenter it is necessary to know the orientation of
Earth in space. The primary effects that should be taken into
account are diurnalvariable rotation, precession and nuta-
tion of Earth’s rotational axis, and polar motion. The preces- For computing the coordinates of Earth’s barycenter, rela-
sion and nutation can be accounted for by applying standartive to the SSB, use is made of the latest JPL Planetary and
astronomical theories. The remaining two effects are unprekunar Ephemerides, “DE405/LE405” or just “DE405”,
dictable for a longer future, so observational data must b&reated in 1997 and described in detail by Standish.
used® It represents an improvement over its predecessor,
DE403. DE405 is based upon the international celestial
reference frame(ICRF) (an earlier popular ephemeris
3The time steps are available in the form of a table; see http:/PE200, which has been the basis of thetronomical Alma-
hpiers.obspm.fr/webiers/general/earthor/utc/tablel1.html .
“They are available as eopc04.yy files, where “yy” stands for a

B. Topocentric coordinates

C. Barycentric coordinates of the Earth (JPL ephemeri9

two digit year numbefe.g., “99” for 1999, and “00” for 2000; see 81t is available via the Internetanonymous ftp: navigator.jpl.
http://hpiers.obspm.fr/iers/eop/eopc04 . nasa.gov, the directory: ephem/expoot on CD (from the pub-

SFor past years, since 1962, the data necessary for reduction alisher: Willmann-Bell, Inc., http://www.willbell.com/software/
included in eopc04.yy files mentioned in footnote 4. jpl.htm).
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nac since 1984, is within 0.01 arcsec of the frame of the VI. A LINEAR FILTER
ICRF). It consists of a set of Chebyshev polynomials fit with

full precision to a numerical integration from 1600 AD to The phase of the gravitational-wave signal contains terms

- : . : arising from the motion of the detector with respect to the
2200 AD. Over this interval the interpolating accuracy is nOtSSB. These terms consist of two contributions, one which

worse than 25 m for any planet and not worsentiiam for omes from the motion of the Earth barycenter with respect
the Moon. The JPL package allows a professional user tgy the SSB, and the other which is due to the diurnal motion

obtain the rectangular coordinates of the Sun, Moon, an . \ .
nine major planets anywhere between JED 2305424.58f thg dgtector with respect to Earth’s barycenter. The first
(1599 Dec. 09to JED 2525008.502201 Feb. 2 contnbut!on has a period of one year and thus for shorter
In the application described in this paper we have useé)bservatlon times can be well approximated by a f?W terms
only a 21-year1990 to 2010 subset of the original ephem- o_f the Taylor expansion. The second term has a period of one
gldereal day and to a very good accuracy can be approxi-

eris. The ephemeris gives separately the position of th : . .
Earth-Moon barycenter and the Moon’s position relative tomated by a circular motion. We thus propose the following

this barycenter. The Earth position vector is thus Calculate&pprox[mat?mmpIe model of the phase of the gravitational-
as a fractioninvolving the masses of the two bodjes the wave signal,
Moon’s one and opposite for the latter.

Finally, the vector traveled by the Sun towards its apex s
(with the speed of 20 km)setween J2000 and the epoch of W(t)=p+pot+ >, pet“ 1+ AcogQ,t)+Bsin(Q,t),
observation is added to Earth’s barycentric position. The di- k=1 6.1)
rection of the solar apex is assumed &l it8right ascension '
and 30° in declination at the epoch J1900. This direction is
precessed to J2000. What is commonly known as the solavhere (), is the rotational angular velocity of Earth. The
apex refers rather to the solar system barycenter apex. HoyparametersA and B can be related to the right ascensien
ever, since the apex motion is known only approximatelyand the declinations of the gravitational-wave source
really there is no need to distinguish between motions of thé¢hrough the equationsf. Eq. (18) in Ref.[2]]
Sun and of the barycenter.

wol
D. Velocities A= Tocosé cofa—¢,), (6.2a

Although the primary concern in this project is to convert
positions, the velocity of the gravitational-wave detector
relative to the SSB may prove to be useful in future analyses
of spectra obtained from the acquired data.

The velocity of the detector is the sum of the diurnal
rotational motion of Earth, Earth’s motion in space relative ) o
to the SSB, and the motion of the solar system itself toward¥/herewy is the angular frequency of the gravitational-wave
the apex. The last of the named components, towards th@gnal andr is defined in Eq(5.3. o
apex, has been described in the previous paragraph. The The phase moddb.1) has the property that it is a linear
Earth barycentric velocity vector is obtained directly from function of the parameters. We have shown in Paper IIl that
the JPL ephemeris along with the position vector. Finally, thdor linear phase models the optimal statistics is a homoge-
detector motion relative to Earth's barycenter is representef€0Us random field and consequently the statistical theory of
by a vector of constant lengthy:=2nr/(sidereal daydi-  Signal detection described in Sec. Il of the present paper
rected always towards the east in the topocentric referenc@PPlies to this case. The polynomial in the time part of the
frame. Thus this diurnal velocity vector has the following phaseW¥ [cf. Eqg.(6.1)] contains two contributions. The first

tional waves emitted by a source. For example, if the source

Vy=vgcog 0+ 7/2), (5.48 is a spinning neutron star, the frequency of the gravitational
waves it emits can evolve as the frequency of the revolution
of the star. In general the star will lose its energy and will

Vy=vgosin( 6+ 7/2), (5.4b  spin down. This evolution of the frequency can be approxi-
mated by a Taylor series. The second contribution comes
from the Taylor expansion of the motion of the Earth around

V,=0. (5.49  the Sun. Itis clear that the longer the observation time of the
signal the more terms of the Taylor expansion we need to
include in order to accurately approximate the true signal.

This vector is rotated back to J2000 by the precessional In order to verify the accuracy of the linear modél1)
angle. we have calculated the fitting fact@fF) between the linear

A short description of the&ORTRAN code that generates model and the accurate model of the signal. As the accurate
both the position and the velocity of a detector with respecimodel of the phase of the signal we have taken the following
to the SSB is given in Appendix C. model:

wol .
B=Tc0555|n(a—¢r), (6.2b
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s+1 where the last approximation was obtained by Taylor expan-
Y (t)=Pp+ wgt+ E w <t sion of the cosine function and by keeping only the quadratic
K=t terms in the(assumed to be smaldlifferencesl,;—¢;. It is
s+l . now easy to find in Eq(6.7) the maximum over the param-
«| Mo~ I'sse(t) : : : I
oo+ D (K+1)wyt — (6.3)  eters¢as the right-hand side of E(.7) is quadratic in these
k=1

parameters. The values of the parameters that maximize the
fitting factor are given by the solution of the following set of

where is the signal’s frequencw, shifted by aknown . .
2d g a ¥o y s+4 linear equations:

frequencyws, i.e., wg= wg— ws. The down-conversion fre-

qguencywg (as well as the bandwidth of the sighalan be si3
chosen arbitrarily and an appropriate time sequence can be S Li(Zai— ) =L, 6.9
extracted from the frequency domain database as described o N Bl v '

in Ref. [11]. The parameters, are spin-down parameters
and they arise by approximating the intrinsic frequency evowhere
lution of the signal by a Taylor expansion. In the accurate

model (6.3) we include one more spin down than in the Lij:=(li(D)I(t)cosr(t)), (6.99

linear model(6.1). This additional spin down serves to rep-

resent the uncertainty of our model. Li==(l;(t)sinr(t)). (6.9p

For the case when the signal is narrow band around some
frequencyw, the formula(3.15 for the fitting factor can be We have used the above prescription to calculate the fit-
approximated by ting factor numerically. Once we have found the parameters
) ) of the extremum(6.7) by solving Egs.(6.8), we have used

P mgax(cos{\lfa(t,ga) ~ VS0, 6.4 these values as input to an optimization roufibased on the

Nelder-Mead simplex algorithpto find an accurate value of
whereZ,= (®g,wg,w1,...,0s: 1, a,6) are the parameters of the fitting factor directly from the formulé6.4) without the
the accurate modd.3) and {&=(p,po.P1.....Ps,A,B) are  Taylor expansion. The Nelder-Mead method is one of the
the parameters of the linear mod@l.1). The linear phase algorithms to find extremum of a function of variables
model(6.1) can shortly be written as [13,14. This algorithm involves the calculation of the func-
tion to be maximized at vertices of certain simplexes in the
parameter space but not the function’s derivatives.
V(t,0)= izo gili(t). (6.9 In our calculation we have used the following estimates of

- the maximum values of the spin-down parameters:

s+3

The phaseV, in the accurate modeb.3) can be expressed

as a sum similar to the sum from E(.5 plus a certain B g
remainderr that we assume to be small: |“’k|max_(k+ 1)TmR o (6.10
s+3
V(L) =2 LalE)i(D+1(6E). (6.6) Wherery;, is the minimum characteristic spin-down age of
i=0 the neutron star. These estimates were adopted in the previ-

o — ) ous papers of this series and they were taken from the work
Note that the coefficients,; are some functions of the accu- of Brady et al. [1]. We have computed the fitting factor for
rate phase paramete . In numerical calculations de- three phase models with=0, 1, 2, i.e., for a monochromatic
scribed below the vectarssg in the accurate phase model sjgnal, 1-spin-down signal, and 2-spin-down signal. We have
(6.3 was computed by ouror2sARY code described in Ap-  carried out computations for two values of the spin-down age
pendix C, and then the coefficients,; and the residual (7,,,=40y andr,;;=1000Y), and for different values of the
r(t;&) were computed by making a least-squareg§within signal’s frequencyf,=wy/(27) and the observation time

the observational intervabf the temp|atezizai|i(t) tothe T,. For each case we have made a calculation for a grid of

accurate phas® ,(t;4,). positions of the source in the sky. We have chosen our ob-
Making use of Eqgs(6.5) and (6.6), from Eq. (6.4) one  Servations to start from the beginning of the year 2000
gets (Julian day=2451545.0) and the position of the detector to
o3 coincide with the geographical location of the EXPLORER
— resonant bar.
FF~max< COS{ZO (Lai— &l +r (1) > Our results are summarized in Tables I, I, and IlIl. For
¢ each grid of positions of the source in the sky we have found
s+3 o the minimum value FF;, of the fitting factor (the worst
mmax< 1- E-Z (gai—gi)(gaj—g’j)li(t)lj(t)} casg. In t_he tgbles we ha_lve give_n the maximum length of the
¢ =0 observation time for which EE, is greater than 0.9, 06,

53 and 0.999. The conservative value of the fitting factor equal
- ; to 0.93°~0.967 comes from the arguments of Apostolatos

X cosr(t)— i—Zoli(Hsinr(t) ), 6. : .
® izo (Lar— Eli(Wsinr( )> ©.7 [10] by which such a fitting factor leads to an affordable 10%
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TABLE |. Adequacy of the monochromatic linear model.

Maximal observation tim& , (h)

Frequency(Hz) Tmin=40 years Tmin=21000 years

FFpin>0.9 FR,n>0.9"% FF,,>0.999 FF,;;>0.9 FF,;>0.9" FF,;,>0.999

100 4 3 2 8 7 4
200 3 3 1 6 6 3
300 3 2 1 6 5 3
400 2 2 1 5 5 3
500 2 2 1 5 4 3
600 2 2 1 5 4 2
700 2 2 1 5 4 2
800 2 2 1 4 4 2
900 2 2 1 4 4 2
1000 2 2 1 4 4 2
TABLE Il. Adequacy of the 1-spin-down linear model.
Maximal observation timd , (day9
Frequency(Hz) Tmin=40 years Tmin=21000 years
FFin>0.9 FF,,>0.9"% FF,,>0.999 FE;>0.9 FF,;>0.9" FF,,>0.999
100 4 3 1 4 3 2
200 3 2 1 3 2 1
300 2 2 1 3 2 1
400 2 2 1 2 2 1
500 2 2 1 2 2 1
600 2 1 1 2 2 1
700 2 1 1 2 1 1
800 2 1 1 2 1 1
900 1 1 1 2 1 1
1000 1 1 1 2 1 1
TABLE lll. Adequacy of the 2-spin-down linear model.
Maximal observation timd, (days
Frequency(Hz) Tmin=40 years Tmin=21000 years
FFn>0.9 FR,n>0.9"% FF,,>0.999 FF,;;>0.9 FF,;>0.9" FF,,>0.999
100 14 12 8 14 12 8
200 13 11 7 13 11 7
300 11 9 6 12 10 6
400 10 9 5 10 9 5
500 9 8 5 9 8 5
600 9 8 5 9 8 5
700 9 7 5 9 7 5
800 8 7 4 8 7 4
900 8 7 4 8 7 4
1000 8 7 4 8 7 4
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loss of events. The ultraconservative value of the fitting facthe matrixT" is the reduced Fisher information matrix for
tor equal to 0.999 gives a negligible loss of 0.3% of eventsipa signal(7.1) where the initial phase parametér, has
From the results presented in Tables I, Il, and Ill it fol- heen reducedsee Sec. IV and Appendix B of Paper Il for
lows that the monochromatic linear model is adequate for etailg.
few hours of the observation time, the 1-spin-down model  The statistics7 can be expressed as a Fourier transform
for a few days of the observation time, and the 2-spin-dowRyhere the parametep, corresponds to angular frequency
model for around one week of the observation time. Foryq consequentlyF can be calculated using the FFT algo-
several months of the observation time we do not expect hm_ However, the FFT gives the values of the statistics on
fit an adequate linear model; however, we know that for SUCl - certain grid of frequencies called Fourier frequencies.
long observation times a coherent all-sky search is computarpese frequencies in normalized units are separated by a
tionally prohibitive[1,2]. Thus we conclude that in realistic 5ctor of 2. Thus when the true frequency falls between the
(i.e., computationally feasibleoherent searches of not more 4 Fourier frequencies we cannot achieve the theoretical
than one week duration a satisfactory linear model can bg,aximum of the optimal statistics. The worst case is when

chosen. the frequency falls half way between the Fourier frequencies.

One can easily find that in such a case the signal-to-noise

VII. SPACING OF FILTERS, THE SEARCH ALGORITHM, ratio calculated approximately by means of the Taylor expan-
AND COMPUTATIONAL REQUIREMENTS sion of the correlation function is equal only to 0.42 of the
optimal signal-to-noise ratio. This would lead to a drastic

A. Grid of templates loss of signals. Therefore we need a finer grid. A way to

In this section we shall present a construction of a grid inachieve this and still take advantage of the speed of FFT, is
the parameter space on which the statisficwill be calcu-  to pad the time series with zerb®adding with zeros of the
lated in order to search for signals. We assume that as a filtégngth of the original time series gives a grid that is twice as
(or templatg, which we use in order to calculate the statis- fine as the Fourier grid, i.e., the difference between the Fou-
tics, we shall use an approximation of the signal by a suitabléler frequencies is equal ta. Then in the worst case the
linear model studied in Sec. VI. We would like to choose thesignal-to-noise ratio is 0.89 of the optimal one. As we shall
grid in such a way that the additional loss of potentialSee later from Monte Carlo simulations this choice of spac-
gravitational-wave signals due to the finite spacing of theng of the frequencies leads to a search algorithm where there
grid is negligible. In order to determine an appropriate gridis no additional loss of events due to bad grid spacing and
of templates we shall use the correlation function of the stathe rms errors of the estimators of parameters are close to the
tistics F. We shall choose the grid in such a way that thetheoretical minimum. It is also useful to note that the signal-
correlation function for two filters evaluated for parametersto-noise ratio calculated form the exact correlation function
at two neighboring points of the grid is not less than a certairformula yields the values of the fractions of the optimal
specified value. signal-to-noise ratio equal to 0.63 and 0.90 for the difference

This method is conceptually different from the approachbetween the Fourier frequencies equal to @hd 7, respec-
that uses the Fisher matrix as a metric on the parametdively. This indicates the limits of the validity of the Taylor
space. However, when the Fisher matrix is constant, i.e., inexpansion.
dependent of the values of the parameters, which is the case We introduce a convenient normalization of the spin-
for the linear model, the two approaches coincide. The metdown parameterp, of the linear model6.1): namely,
ric approach is thus more general than ours as it does not
require constancy of the parameter-space metric.

We consider here a constant amplitude signal P=pTs" Y k=0,...s. (7.4

h(t;ho, P, &) =ho siN O (t; ) + D], (7.1

This is equivalent to using a time coordinate=t/T, nor-
whered is the initial phase of the wave form and the vector malized by the total observation tim, (then the normal-
£ collects all other phase parameters. ized time duration of the signal is always Using definition

The correlation functiol© of the optimum statisticg for (7.4) the linear phase mod¢6.1), after dropping the initial
signal(7.1) can be approximated using the Taylor expansiornphase parametqr, can be written as
around7r=0. Keeping terms at most quadratic4none gets

~ "Padding time series with zeros of the length of the original time

C(n=1- 2 Fij TiTj, (7.2 series in a real signal search means that we would need to calculate
h FFTs twice the length of the original data. This means doubling the
computational time and the computer memory used. To avoid this

where the matri>d~“ has the components pulsar astronomers have invented special interpolation algorithms
that work in the Fourier domain and give twice as fine Fourier grid
5 oD oD oD\ | 9d from the FFT of the original data. !n the ana_1IyS|s of EXPLORER
Cij={——)—{=—){=—)- (7.3 data we shall use one such algorithm provided to us by Duncan
It JT| dti| \ 9T Lorimer (the details of which can be found in R¢L5)).
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k+1 _ P1. A andB). We consider th@,=0 cross section of the
+Acod Q) +Bsin(Qt),  four-dimensional hyperellipsoit?.9). This cross section de-
(7.5 fines the three-dimensional ellipsoid in the; (A,B) space:

N -
() =Po+ 2, pk(T—
(o] = o

2
wheres is the number of spin downs included. In the qua- 1 25)24 (B— D, 2:77__(E_ 2 4)—2
dratic approximatior{7.2) and for the phase modél.5), the (A+p) "+ (B={py) 24 |25~ ¢ P (7.13)
equation

f (let us note that 8/45¢?— (>0 for n=1). Next we take

the cross sections of the ellipsofd.11) with the planesp;
=+ ¢ for some positive constardt These cross sections de-
fine two adjacent circles. We inscribe two regular hexagons
describes the surface of the+ 3)-dimensional correlation into these circles. The hexagons form the bases of the in-
hyperellipsoid. clined prism inscribed in the ellipsoid7.11). The three-

It is clear that we cannot fill the parameter space comdimensional volume of this prism reads
pletely with hyperellipsoids. But such filling can be done by
means of some prisms constructed with the aid of the corre- V(8)=3V3
lation hyperellipsoid. We shall illustrate our construction in
the special case of a 1-spin-dowire., s=1) linear phase

model (7.5). In this case the components of the mafras
functions of the observation time are given[lngre the order
of the phase parameters is as follows:r

1-2 fi,-TiT,-=Co=Con:~:t, (7.6)
]

w2 8

| _s2_ 44| g2
24 (45 e=e )6
Then we maximize the volum¥(6) with respect tos. The
function V() attains its maximal value for

5. (7.12

~ (Ao, A1, AA AB)] S - . (713
1/12 1/12 0 —1/(2nr) 6v2 \ /i_ 02—
B 112 4145 W2n27?) —1/(2nm) 45
= 0 142n?7?) 1/2 0 ' The maximal value/( .y of the volume(7.12 is the vol-
“1f2nm) - 1(2nm) 0 1/2 ume of the elementary cell in the filter space. It reads
(7.7) m°
V= . (7.14

wheren is the observation time expressed in sidereal days, 8 _
e ne=(Q,Ty)/(27). 246 R
In the first step we choose spacing in the frequency pa-
rameterp, to be equal tor. Then we compute the valu®  Equation(7.14) gives the following values of the volumé,,
of the correlation at the surface of the four-dimensional coryf the elementary cell in the filter space,=2.05, 1.35,

relation hyperellipsoid7.6) by requesting that th@, axis 129, 1.27 fom=1, 2, 3, 4, respectively.

intersects this surface at the poidtg,=* /2. Substituting We construct the elementary cell in the four-dimensional
7=(APo,0,0,0) into Eq.(7.6), one gets space Po.p1.A.B) as follows. We parallelly translate in

2 four dimensions and in two opposite directions the three-

Co=1_fHHAF§=1_ T 0.79. (7.9  dimensional prism of maximal volume, which is described

oro 48 above and that lies in the,=0 subspace, into the subspaces

Po=—m/2 andpy= + 7/2. We choose one of the principal
direction§ of the hyperellipsoid(7.9) as the direction of
&ranslation. Such a constructed elementary cell is the four-
dimensional prism whose bases are two adjacent three-
dimensional hexagonal prisms lying in tfpg=—=/2 and

Making use of Egs(7.7) and(7.8), the general equatiof7.6)
can be written in the case of the 1-spin-down signal in th
form [we also substitute= (py,p1,A,B)]

1., 1 8_. _ ht
AZ4+ B2+ P2+ Zpopi+ = pot 202AD; po= + m/2 subspaces.
6 3 45 It is clear from the construction that our elementary cell
2 will stick out the four-dimensional hyperellipsoi@.9). For
—2¢B(po+p1)— ﬂzo, (7.9  the case oh=2 we have calculated the correlation function
C(n=1-2;,;Ij77; at all vertices of the elementary cell
where we have introduced and we have found that the smallest valu€gf) is equal to
0.77. Thus the grid constructed above ensures that the corre-
1
4 = (7.10
o

8The reasonable result one obtains only when translating along
We first construct the elementary cell of the grid in thethis principal direction of the hyperellipsoit?.9), which almost
filter space(which is the space spanned by the parametersoincides with thep, axis.
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lation between the filter and the signal is not less than 0.77simplex algorithm. We plan to use the above hierarchical
The Monte Carlo simulations presented below show that byrocedure in the analysis of real data from the EXPLORER
using such a grid we do not lose any signals and that rmgetector.
errors of the parameter estimators are very close to the mini- The procedure described above differs from another two-
mum ones allowed by the CramRao bound. step hierarchical algorithm proposed by Mohanty and
If as a base of the elementary cell in the filter space wephyrandhaf8,9]. The first step of the two procedures is the
choose a square instead of a regular hexagon the volume @hme put in the second step Mohanty and Dhurandhar pro-
the cell (independently of the value af) decreases by & pose to use a fine grid in the parameter space around the
factor of 33/4~1.3. maximum obtained from the coarse search whereas we pro-
pose to use a maximization routine. However, as any optimi-
B. Monte Carlo simulations zation routine the Nelder-Mead algorithm may fail to find the
In order to test the effectiveness of the chosen grid weglobal maximum. Therefore in the real data search we may
have made Monte Carlo simulations of the detection of ouhave to use a combination of both hierarchical procedures:
signal in the noise and estimation of its parameters. In thevhenever our maximization routine fails we use a fine search
simulations we have taken the sigrsaio be a 1-spin-down proposed by Mohanty and Dhurandhar as the second step.
linear model with a constant amplitudhg : We have performed Monte Carlo simulations by generat-
ing a signals(t) given by Eq.(7.15 and adding white

2mnt . . 2o .
s(t)=h exp[i P+ pot+ p1t2+Acos( m ) Gaussian n0|§e(t). By adjusting the 'ampllt.udbo we hgve .
To generated a signal with a chosen optimal signal-to-noise ratio
2nt d. In our simulations we have chosen the observation time to
+B sin( ) ] , (7.15  ben=2. We have done 1000 runs for several valued. afle
[0}

have compared the standard deviations of the parameter es-
whereT, is the observation time antis the integer equal to timators obtained from the simulations with the theoretical
the number of sidereal days of observation in real searctPnes calculated from the CramRao bound. We have also

The simulation of the parameter estimation of the accurat§ompared the probability of detection of the signal obtained
signal with the phase given by E¢6.3) is presented in Sec. from the simulations with the theoretical one calculated from
VIIC. In the case of signal7.15 the maximum likelihood EQ. (3.8). In our simulations we have used the hexagonal
detection involves finding the global maximum of the func-grid constructed in Sec. VIIA.
tional F5 with respect to the parametepg, p;, A B. The The results of our computations are depicted in Fig. 1. We
functional  is given by have observed that above a certain signal-to-noise (et

we shall call thethreshold signal-to-noise ratjathe results

(o]

+ B sin

2|X|? of the Monte Carlo simulations agree very well with the
s~ ST, (7.1 calculations of the rms errors from the covariance matrix.
However, below the threshold signal-to-noise ratio they dif-
where fer by a large factor. This threshold effect is well known in
. A signal processinffl6] and has also been observed in numeri-
A . 5 n cal simulations for the case of a coalescing binary chirp sig-
X_f x(t)exp[ _'{plt +ACOS< ) nal [17,18. As was explained in Sec. VII of Paper lll this
effect arises because sometimes the global maximum of the
2mnt —ipDdt 71 functional F5 occurs as a result of noise and not the signal.
T, exp(—ipot)dt. (7.17 This happens the more often the lower the signal-to-noise
ratio. Following the theory of this effect developed in Paper
In Eq. (7.17 the datax(t)=s(t)+n(t), wheren(t) is the |l we have calculated the approximate rms errors of the
stationary noise with spectral densiy. In our simulations  estimators of the parameters. They are shown as thick lines
we have generated white and Gaussian no{g¢. Thus our in Fig. 1.
statistics 75 consists of taking the modulus of the Fourier = The comparison of the probability of detection obtained
transform of the data demodulated for a grid of parameterfrom the simulations with the theoretical formy&8) shows
p1, A andB. To find the maximum ofFs we have used a that for lower signal-to-noise ratios we have more detections
hierarchical algorithm consisting of two steps:caarse than expected. This is because the theoretical formula as-
search and &ine search. The coarse search involves the calsumes that when the signal is detected its parameters are
culation of 5 on the grid in the parameter space constructedocated in the cell corresponding to the true parameters of the
in Sec. VII A and finding the maximum value i on that  signal. However, in practice for lower valuesafs a result
grid. The values of the parameters of the filter that give theof the noise the signal may drift to neighboring cells. Thus
maximum are coarse estimates of the parameters of the si¢pr a threshold signal-to-noise ratio of 7 we find that the
nal. The fine search involves finding the maximum&f  simulated probability of detection is 5% greater than the the-
using a maximization routine with the starting values of theoretical one whereas for signal-to-noise 8 and greater the
parameters equal to the coarse estimates of the parametesanulated and the theoretical probabilities of detection agree
As a maximization routine we have used the Nelder-Meadvithin 0.5%.
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: : R - FIG. 1. Monte Carlo simula-
1 ; ) P r— i N tions of the rms errors of the pa-
rameter estimators of the signal
given by Eq.(7.19 for n=2. The

x axes are labeled by the optimal
signal-to-noise ratia. They axes
are labeled by the standard devia-
tion o except for the case of the
amplitude parameter where the
relative rms erroro,:=alhg is
given. Botho and o, are dimen-
sionless. The results of simula-
tions of 1000 runs for each value
of d are marked by the circles.
The thin solid lines are calculated
from the covariance matrix and
: R : coo they constitute the Cram&ao

1 3 5 7 9 111315 1 3 5 7 9 111315 bound, i.e., the smallest rms error
for an unbiased estimator. The
thick solid lines are calculated
from a model that takes into ac-
count the false alarms.

Amplitude

........................ PETIRT
N H H N N S P S S P .
1 3 5 7 9 11 1815 1 3 5 7 9 11 1315
C. Estimation of parameters of the signal the sky and for five signal-to-noise ratios: 8, 12, 16, 20, 24.

Once the optimal statistics, calculated with the linear filterFirst of all we have found that the probability of detection of
of Sec. VI, crosses a chosen threshold we register the esfibe signal from simulation agrees within 0.5% with the the-
mates of the parametepg, p;, A, andB. We would like to  oretical one. Concerning the accuracy of the parameter esti-
estimate physically interesting parameters: frequency, spimation we have obtained that rms errors for declination and
down, declination, and right ascension of the source. We proright ascension were very close to their CrafRao bounds;
pose the following algorithm to achieve this. From Egs.however, the rms errors for frequency and spin down were
(7.18 and the least-squares fit of the linear model to theyorse. The mean biases in the estimators of the parameters

accurate model of the signal we calculate the approximatg,o, wy, 8 anda were less than 0.1%, 0.5%, 0.005%, and
values of parameter®,, »;, 6, a. Then using the accurate g 19, respectively.

model of the signal as a filter we search for accurate esti-
mates of the parameters on a small grid around the approxi-
mate estimates.

We have made Monte Carlo simulations of the above pro- Approximation of the continuous gravitational-wave sig-
cedure by making 100 runs for one position of the source imal by a simple linear model and consequently the approxi-

D. Amplitude modulation

042003-12



DATAANALYSIS OF ... . V. ... PHYSICAL REVIEW D 65 042003

mation of the optimal statistic&, Eq. (3.3), by a homoge- Omat

neous random field were studied under the assumption that M= c (7.20

the amplitude of the signal was constant. However, as the

modulation of the amplitude of the signal is very sléiv  Thus we get

changes on a time scale of one sidereal) dagomparison to

the rapid modulation of the phase we expect that our linear T wﬁwngg

model of the phase is a satisfactory approximation of the VFZET- (7.21)

phase of the optimal filters given by Eqg&.4). We also

expect that the calculation of the number of elementary cells The number of grid points on which the optimal statistics

(except for a factor of 2, see belpwnd construction of the F, Eq.(3.3), should be calculated is obtained by dividing the

grid in the parameter space given in Sec. VIIA above aresolume V¢ of the filter space by the volumé, of the el-

valid for the amplitude-modulated signal. ementary cell of the chosen grid in the filter space. In Sec.
To calculate the optimal statistics, we first need to cor- VIl D we have found that for each set of parametarandB

rect the time series for amplitude modulation, i.e., multiplythere are two sets of parametetsand o [see Eqs(7.18)].

the time series by the functiomgt) andb(t). Our grid ison  Moreover, the optimal statistics involves calculations of two

the space parametrized Ipp, p;, A and B whereas the FFTs —F, andF, [see Eqs(3.3) and(3.4)]. Thus the total

functionsa(t) andb(t) depend on the declinatiofand the  numberNgg; of FFTs is four times the number of grid points

right ascensiorn. From Eqgs.(6.2) we have the following and it is given by

expressions fob and « in terms of A andB:

Ve
/A2+ BZ NFFT:4_' (722
8= *arcco x| (7.18a Vor
TO Assuming that the data processing rate should be compa-

rable to the data acquisition rate and that the data processing
consists only of computing the FFTs the numipeof float-
. (7.18b ing point operations per secofifiops) can be estimated by

B
a=a¢,+ arctar( N

P=6AvNgel0gy(2AvT,) + 51, 7.2
Since for each set of parameté&andB there are two sets of VNrri10G(281To) + 3] (7.23

parameters> and « the number of cells needs to be multi- where A v= (w4~ w/(27) is the bandwidth of the search.

plied by a factor of 2 and this number is to be used to comgquation(7.23 does not take into account the computational

pute from Eq.(3.9 the threshold corresponding to a given requirements to do the fine search. This is because the fine

false alarm probability. search will only be triggered when there is threshold crossing
We see that the declinatiofi of the source, Eq(7.183,  and this as estimated in the next section will be a rare event.

depends on the angular frequeney of the signal that we |t is worth pointing out that the formul&’.23 coincides with

do not know before we detected the signal. The uncertaintyne ana]ogous formula for a broadband sedsee, e.g., Ref.

in & affects the constant amplitudes in front of the time-[1]) with the maximum frequency replaced by the bandwidth
dependent modulation factors. However, for the case of thef the search.

EXPLORER detector datavhich we plan to analyze em-

ploying the methods developed abowse have that fre- VIIl. A NARROW-BAND ALL-SKY SEARCH

quencyfg is around 1 kHz within the ban8~1 Hz (see OF EXPLORER DATA

Sec. VIII). Thus by choosing in the equation for declination

Sthe frequency equal to the middle frequency of the band to The data analysis tools for searching continuous
be analyzed instead of the unknown frequeagy we shall  gravitational-wave signals that we have developed in the pre-
lose at most only a fraction~B/(2f,)~0.0005 of the ceding sections of the present work can be applied both to

signal-to-noise ratio. the resonant bar and the laser interferometric detectors. We
plan to apply these tools to the data from the resonant bar
E. Computational requirements detector EXPLORER[19]. The detector has already col-

) i i lected many years of data with a high duty cyteg., in
To estimate the computational requirements to do thgggq the duty cycle was 75%0ur primary objective is to
search we c_alculate the number of FFTs that one needs &rry out an all-sky search. It is a unique property of the
compute. This number depends on the total volMpef the  44itational-wave detectors that with a single time series
filter space, which is given by one can search for signals coming from all sky directions. In
omanT /(27 the case of other instruments like optical and radip telescopes
VF:I f dA dBf dp;, (7.19 to cover the whole or even part of the sky requires a large
B,(0,rg)

- ‘”mangl(ZTmin)
where wm,y is the maximum angular frequency of the signal °The EXPLORER detector is operated by the ROG Collaboration

andB,(0yr,) is a two-dimensional disc in th@, B) plane of  located in Italian Istituto Nazionale di Fisica NucledHsFN); see
radiusr , http://www.romadl.infn.it/rog/explorer/explorer.html .
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amount of expensive telescope time. The directed search &br which the signal-to-noise ratio is equal to 1, is given by
the galactic center has already been carried out and limits for

the amplitude of the gravitational waves has been established
S
[20]. ho= "\ (8.1)
The EXPLORER detector is most sensitive over certain o

two narrow bandwidthgcalled minus and plus modesf

about 1 Hz wide at two frequencies around 1 kHz. To makeyhereS, is the one-sidedspectral density of noise. For two
the search computationally feasible we propose an all-skays of observation tim&, and spectral densit$, at the
search of data of a few days long in the narrow band whergjus mode equal to 210 “%Hz, the minimum detectable
the detector has the best sensitivity. By narrowing the bandamplitude is 3.4 10 2% In order that we have a detection
width of the search we can shorten the length of the data tjith 99% confidence by the calculation above we need a
be analyzed as we need to sample the data at only twice thggnal-to-noise ratio of 8.3 and thus the amplitude of the
bandwidth and thus we reduce the computational time. Tgjignal must be around 2810 2%, Consequently by the es-
reduce the parameter space to search we restrict ourselvestiate given in Eq.(2.3) a continuous gravitational-wave
only one spin-down parameter. We would also like to use thejgnal from a neutron star located at a distance of 1 kpc,
linear filter model as the search template. Then as our frespinning with period of 2 ms, and with ellipticity~10~°
guency is around 1 kHz from Table Il we read that we canyill be detectable.

consider up to 2 days of coherent observation time in order

that the fitting factor is greater then 0.9. For the sake of the

FFT algorithm it is best to keep the length of the data to be a ACKNOWLEDGMENTS
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grid over the sky we get thlger~3.7 10°. Assuming that hank the Interdisciplinary Center for Mathematical and
the data processing rate should be comparable to the d mputational Modeling of Warsaw University for comput-
acquisition rate the computing power requifediculated by ing time
means of Eq(7.23] is around 7.7 Gflops. If we allow a '
month for off-line processing of data with the above param-
eters we only need around 250 Mflops of computer power. APPENDIX A: BEAM-PATTERN FUNCTIONS
From Eq.(3.11) we can calculate the threshold that we
need to set. For example, choosing the false alarm probabil-
ity to be 1% we find by inverting Eq.3.11) and using Eq. Noise-free response functidnof the laser interferometric
(3.10 that for the parameters that we have chosen above thgetector is defined as the difference between the wave-
threshold signal-to-noise ratio is 8.3. However, we know thainduced relative length changes of the two interferometer
in the coarse search we are using a suboptimal filter and werms. The derivation of formulé2.1) in the case of the laser
are losing the signal-to-noise ratio. For the parameters of ounterferometer can be found, e.g., in Sec. 1l A of R&0].
search we find that in the worst case the fitting factor is 0.94. Explicit formulas for the interferometric beam-pattern
Moreover, due to our discrete grid in the parameter space thginctionsF , andF,, from Eq.(2.1) are derived, e.g., in Sec.
signal-to-noise ratio can decrease in the worst case by amA of Ref. [2]. The functions read
additional factor ofy/0.77~0.88. Thus in the worst case the

1. Interferometric beam-pattern functions

signal-to-noise ratio of our coarse search can be a factor of F.(t)=sin{[a(t)cos 24+ b(t)sin2¢],  (Ala)
0.83 of the optimal one. Hence in order not to lose any
signals we lower the signal-to-noise threshold by a factor of F..(t)=sinZ[b(t)cos 2y—a(t)sin 2], (Alb)

0.83. By lowering the threshold we must make sure that the
number of false alarms does not increase excessively. From

Eg. (3.12 we find that the expected number of false alarmswhere
with the lower threshold is~310. This is certainly a man-

ageable number that will insignificantly increase the COMPU-2 1y = L gin 2+(1+ sir? 1+sirt 8)cod 2(a— . — Ot
tational time of the total search. We can consider lowering (D=3 sin2y( In” $)( I o)cod2(a— ¢~ ib)]

the threshold even further in order to have more candidate — 3 cos 2ysing(1+sir? §)siM2(a— ¢,— Q,1)]
events that can be later verified using longer stretches of L ) ]
data. For example, by lowering the threshold by a factor of +3sin2ysin2¢ sin26cod a—¢,— Q1)
0.8 the expected number of false alarms is around 1600 1 : ;
—3 C0S2yCcoS¢Sin28s — ¢, — Ot
which will still be manageable to verify. g y C0S¢ Sl UCL
The minimum detectable amplituthg, i.e., the amplitude + 32 sin 2y cos ¢ cos s, (A2a)
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b(t)=cos2ysing sinscod2(a— ¢, —Q,t)] hoy(t) hy() O
+1sin2y(1+sir? ¢)sinSsin 2(a— ¢, — Q,t)] H(t)=| hx() —h(t) 0], (A5)
0 0 0

+c0S 2y cos¢ cosé co a— ¢, — Q1)

+1sin2ysin2¢ cosssina— ¢, —Q,t). (A2b)  where the functionr, andh, describe two independent

) ) wave’s polarizations. The matriced and H are related
In Egs.(Al) {is the angle between the interferometer arMsihrough the equation
(usually £=90° and ¢ is the polarization angle of the wave.
In Egs. (A2) the anglese and é are, respectively, the right
ascension and declination of the gravitational-wave source. Ht=MOHOM(®)T, (AB)
The geodetic latitude of the detector’s site is denotedpby
[its precise definition is given in Eq5.18], the angley

determines the orientation of the detector’s arms with respe tion f th dinates to the detect i
to local geographical directionsis measured counterclock- ormation irom the wave coordinates to the detector coordi-

wise from the east to the bisector of the interferometer armgates,T denotes the matrix transposition. Collecting E_qs.
The rotational angular velocity of Earth is denoted @y, .(A3)_.(A6) together one can see th&.lt the responrse R
and ¢, is a deterministic phase which defines the position of> @ linear combination of the functiors, andh, :

Earth in its diurnal motion at=0 (the sum¢,+ Q,t essen-

tially coincides with the local sidereal time of the detector’s h(t)=F, (t)h, (t)+F(t)hy(t), (A7)
site, i.e., with the angle between the local meridian and the

vernal point; see Sec. V)B

hereM is the three-dimensional orthogonal matrix of trans-

whereF, andF, are beam-pattern functions.

Because of the diurnal motion of the Earth the beam-
patternsk, and F, are periodic functions of time with a

We consider here the response of a bar detector to a wegleriod equal to one sidereal day. We want to expFesand
plane gravitational wave in the long wavelength approxima+ as functions of the right ascensianand the declination
tion. Moreover, we assume that the frequency spectrum of of the gravitational-wave source and the polarization angle
the grawtatlonal wave which hits the bar entlrely lies within U (the ang|eSa, S, and ¥ determine the orientation of the
the sensitivity band of the detector. Under these assumptiongave reference frame with respect to the celestial reference

the dimensionless response functtoof the bar detector can  frame defined beloy We represent the matr of Eq. (A6)
be computed from the formul@f. Sec. 9.5.2 in Ref21]) as

2. Bar beam-pattern functions

h(t)=n-[H(t)n], (A3)
M=MzM,M] (A8)
wheren denotes the unit vector parallel to the symmetry axis

of the bar,H is the three-dimensional matrix of the spatial whereM. is the matrix of transformation from wave to ce-
metric perturbation produced by the wave in the proper ref- L

erence frame of the detector, and a dot stands for the statfSUal frame coordinatedd, is the matrix of transformation
| from celestial coordinates to cardinal coordinates, lsinds

dard scalar product in the three-dimensional Cartesian space. . . ) )
e matrix of transformation from cardinal coordinates to

In the detector’s reference frame we introduce Cartesian Cc}detector coordinates. In celestial coordinateshgis coin-
ordinates Xq,Yq,Zq) With the z4 axis along Earth’s radius ! ’ ' ' : :

pointing toward the zenith, and the, axis along the bar’s cides with the Earth’s rotation axis and points toward the

50 f 2yt In ese conrnates e veeor £, N P, 1 1y e le n he Cars etor
(A3) has components p , p point.

dinal coordinates théx,y) plane is tangent to the surface of
n=(1,0,0). (A4) the Earth at the detector’s location with theaxis in the
north-south direction and thg axis in the west-east direc-
In the wave Cartesian coordinate systery, {y.,z,) (in  tion, thez cardinal axis is along Earth’s radius pointing to-
which the wave travels in the-z, direction, the three- ward the zenith. Under the above conventions the matrices
dimensional matrixH of the wave-induced spatial metric M;, M,, andM; are as follows(matricesM; and M, are

perturbation has components taken from Sec. Il A of Ref[2])
|
Sina cosy—cosa sindsiny  —CcoSa cosy—sina sindsinyg  cosdsiny
M;=| —sinasing—cosasindcosy cosasing—sinasindcosy cosdcosy |, (A9a)
—COSa COSS —sina cosé —sinéd
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sing cog ¢, +Q,t) singsin(¢p,+Q,t) —cose
M,= —sin(¢,+Q,t) coq ¢, +Q,t) 0 , (A9b)
cos¢ cog ¢, +O,t) cosgsin(p,+Q,t) sing
—siny cosy O
Ms=| —cosy —siny 0], (A9c)
0 0 1

In Eq. (A9b) ¢ is the geodetic latitude of the detector’s site, source in the sky and the orientation of the detector on Earth

Q, is the rotational angular velocity of Earth, and the phaseare used?

¢, defines the position of Earth in its diurnal motion tat

=0 (the sumg,+Q,t essentially coincides with the local APPENDIX B: THE TIME AVERAGES (a?) AND (b?)

sidereal time of the detector’s site; see Sec. VB in the

present paperIn Eq. (A9c) y determines the orientation of

the bar’s axis of symmetry with respect to local geographical The time average$a2> and(b2> entering Egs(3.1), for

directions, it is measured counterclockwise from the east téhe observation tim&, chosen as an integer number of si-

the bar’s axis of symmetry. dereal days, for the laser interferometric detector take the
To find the explicit formula forF, andF, we have to  form (heren is a positive integér

combine Egs.(A3)—(A9). After some algebraic manipula- . :

tions we ar?ivé at)th(e e)xpressions: ’ P <a2>|To:"27T/9r: 16SiM* 29[9 cod' ¢ cos' 5+ 7sir 2¢

1. Laser interferometric detector

X sinf26+ %(3—cos 2$)%(3—cos 26)?]

F_(t)=a(t)cos 24+ b(t)sin 2, (A10a) + Lco229[4 cod b sir 26
F..(t)=Db(t)cos 2—a(t)sin 24, (A10b) +sif $(3-cos 25)°], (B13
(b?)|1,=n2mi, = 32SiM° 29[ (3—cos 2)? sir’ &
where +4 sirf 2¢ cos 5]+ 3 cog 2y
X (1+cos 2p cos 25). (B1b)

a(t)=3%(cog y—sirf ysirf ¢)(1+sir’ §)cog 2(a— ¢,

We see thata?) and(b?) depend only on one unknown

—Q,t)]+ 3sin 2y sing(1+sir? 8)si 2(a— ¢, parameter of the signal—the declinatiod of the

_ i . . o gravitational-wave source. They also depend on the latitude
Q)] = 3sin ysin2¢ sin 25 cof a— ¢, — O t] ¢ of the detector’s location and the orientatigrof the de-

+ %sin 2y cos¢ sin 25 sin(a— ¢, — Q1) tector’'s arms with respect to local geographical directions.
1 .

+2(1-3 sir? Y cos ¢)C052 S, (Alla 2. Resonant bar detector

For the resonant bar detector the time averg@és and
b(t)=—sin2ysin¢ sindcog2(a— ¢, — Q,t)]+(cos y <b2>, for the observation tim&, being an integer number of

_Sir? y Sir? ¢)sinasin 2(a— by — O,1)] sidereal days, have the form
: (8| —n2miq,=1(1—3sirf ycos ¢)*cos' &
—sin2ycos¢ cosd cog a— ¢, — O, t) © '

—sir? ysin 2¢ coss sin(a— ¢, — O, t). (Allb) + 7SI y 08 $(1 s’ y cos $)sirr 25

+ L[sir? 2y sir? ¢+ (cos y

In Egs.(A10) and(All) «, 6, ¢, ¢, Q,, and¢, all have the —sir? ysir? ¢)?](1+sir? 6)?, (B2a)

same meaning as in EqA1)—(A2); the angley determines

the orientation of the bar detector with respect to local geo=———

graphical directions: vy is measured counterclockwise from 1oy functionsa and b from Egs.(A11) are identical with the

the east to the bar’s axis of symmetry. functions S, and Sy from Egs. (2.90 and (2.9 of Ref. [22],
Equivalent explicit formulas for the functions andb  provided the following identification of the variableg «, 6, ¥

from Egs.(Al11) can be found in Refl22] where different used in[22] with our variablesQ,, ¢,, a, 8, ¢, v is made: 7

angles describing the position of the gravitational-wave— —(a— ¢, —Q,t), a—w/2— 6, 0—mwl2—p, V—y— 7/2.
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<b2)|T 20l =1(sir?2ycog ¢+sin’ ysirt 2¢)cos & As in the case of the laser interferometric detector, the
° ' time average$a?) and(b?) depend on the declinatio of
+1(cod y+ isin? 2ysir? ¢ the gravitational-wave source, the latitugef the detector’s
location, and the orientatiof of the detector’s axis of sym-
+sin’ y sirt ¢)sir? 6. (B2b) metry with respect to local geographical directions.

APPENDIX C: THE Tor2BARY PROCEDURE

The algorithms described in Sec. V were implemented in an easily callable subroutine nap2edrRY consisting of
about 900 lines oFORTRAN code. The ephemeris filg®E405'90.’10, tai-utc.dat, and yearly eopc04.yequired by the
program must be kept in the directoffop2BaryEphData on the current disk. The procedure header is shown below.

subroutine Top2Bary (CJD _E, clat, clong, height, pve, pvo)

¢ Procedure to calculate position (km) and velocity (km/s) of an observatory

c located at given geographical position (conventional coordinates in degrees

¢ and height above the Earth ellipsoid in m) at given Julian day.

c It requires some ephemeris files, placed in the ‘path’ directory.

C Argument description:

¢ CJD_E - Julian Day number representing the Coordinated Universal Time

o If CIJD _E is negative it is assumed that it is -1 * (Ephemeris JD).
c clat - observatory conventional geographical latitude (deg).

c clong - observatory conventional geographical longitude (deg).

¢ height- observatory height above the Earth ellipsoid (m).

c pvo -6 element array of barycentric vectors (3 for position in km, and

c 3 for velocity in km/s) of the observatory relative to Earth baryc.

c pve -6 element array of barycentric vectors (3 for position in km,

c and 3 for velocity in km/s) of the Earth barycenter relative to SSB.

More important subroutines called:

polmot (CJD, Px, Py, UT1 _UTC, dpsi, deps)- reads polar motion and UT1 data
topobs (DJ1, glat, glong, height, pvo, amst) - returns observer's coord. in ‘pvo’
earthPV (BJD, pve)-returns Earth barycentric position (J2000 frame) in ‘pve’
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